An asymptotic method of solution is presented for scattering of acoustic waves from solid elastic targets. The asymptotic parameter is the ratio of the fluid density to that of the solid, and the solution is developed using the method of matched asymptotic expansions in this small quantity. The perturbations to the background rigid scattered field are regular for frequencies away from the frequencies of free vibration of the target in.vacuo, but, near these frequencies, the perturbation is singular in that an asymptotically small value of the density ratio produces a change in the scattered field of order unity. By combining the regularly and singularly perturbed expansions, a solution is obtained that is uniformly correct at all frequencies. The elements in the uniform solution depend only upon the in vacuo modes and frequencies, and the Green's function for the equivalent rigid target. At no stage is it necessary to solve the fully coupled system. An analysis of the asymptotic approximation for a spherical target shows that it is equivalent in the high-frequency limit to the approximation predicted by resonance scattering theory.
cite the in vacuo resonances of elastic spheres, cylinders, and shells, and these resonances exhibit distinctive peaks and troughs in the scattered far-field amplitude. Reference 5 provides a current and extensive bibliography on this subject. The effect of the fluid loading on elastic bodies shifts the resonant frequencies from the real-valued in vacuo frequencies to slightly perturbed complex values, and these may be calculated numerically for simple targets like the sphere and cylinder, for which the acoustic and elastic equations of motion are separable, 5-8 and also for spheroids and related shapes using a T-matrix approach? The present method provides a means to find the perturbed complex frequencies for arbitrarily shaped targets assuming that the in vacuo resonances are known and that the corresponding acoustic scattering from a rigid target can be solved. In general, it is probable that both of these separate tasks can be reduced to numerical problems, each of which is far simpler than the coupled acoustic-elastic scattering problem.
The existence of identifiable resonances in the acoustic far field provides a possible means of inferring something about the target geometry and material properties. It is therefore of some importance to have a fast and stable method for modeling the scattering problem in the neighborhood of resonance frequencies for targets of complex geometry. The present method is by its very nature stable near these frequencies, and, provided one has an efficient code for generating the in vacuo modes and modal frequencies of the elastic body, it should be significantly faster than the numerical solution of the coupled problem. In addition to its computational possibilities, the method offers a simple 
with the radiation condition that ½ be outgoing at infinity.
The wave number in (2) is k = w/cr, and the acoustic pressure associated with 4 isp = iwpv½. The homogeneous linearly elastic solid in Vis of density Ps and C is the fourth-order tensor of moduli, which possesses the usual symmetries for linearly elastic, anisotropic hyperelastic solids; i.e., C has at most 21 independent elements. In rectangular components the moduli are C•jkt, 
011,} X on S,
Let G be the Green's operator that solves the exterior Neumann radiation problem:
V2f+k2f=O, x in V, Jf =g, x on S,
in the form f= Gg, andf satisfies the radiation condition at infinity. A specific example of G is presented in Sec. IV, and generally Gg may be expressed as an integral over S involving a Green's function.
• The field scattered from a rigid target of the same shape as V is then ½o, where
8n
The interface condition (6) • thus implies
and, consequently, the traction continuity condition (6) 2 becomes a(u)n = -ikc2e(4 i"c + 4o -ikGu.n)n, x on S.
It will be assumed for the remainder of the paper that the rigid Green's operator G is known, so that the scattering problem may be reduced to a problem within and on the surface of V, viz. Eqs. (5) and ( 11 ).
II. ASYMPTOTIC ANALYSIS
We develop a solution to (5) and ( 11 ) that is uniformly valid in frequency k under the assumption that ß of (7) These interior boundary value problems may be solved sequentially in j, and thus, in principle, the outer expansion is well defined. The associated outer expansion for the scat- 
where 4•=-ikGn.u•, j>0.
In practice, the rigid scattered field 40.will be all that is required of the outer solution, since the additional terms are O(ß) in comparison. However, problems arise at those frequencies for which (5) has nonzero solutions for zero boundary tractions. To see this, let k,, be a frequency for which there is a nonvanishing solution W,, to 
where the amplitude A o = Ao(a) has yet to be determined. Proceeding to the next order in the sequence of asymptotic equations (23) .40 = ik/3m/(ak• + k2a,, ).
Finally, the inner expansion for the radiated field is 
The imaginary part of the complex resonance frequency is negative definite, which corresponds to radiation damping caused by the fluid exterior. To see this, define q> as the radiated field corresponding to mode m at k = k m: In general, a target will possess modes associated with surface waves and the corresponding resonances will be relatively broad. At the other extreme are modes that have no normal surface displacement. These are called nonradiating modes and will be dealt with below in Sec. III B. However, there may also be what we will call "almost nonradiating modes." Consider an arbitrarily shaped, unsymmetric body with two points on its surface that have the same normal direction, and the line perpendicular to the surface at one passes through the other. Then, it is entirely reasonable, especially at higher values of frequency, that there is a mode composed mainly of transverse waves bouncing back and forth between the surfaces about these points, and the resulting normal surface displacement will be small. The nonradiating modes of spheres and cylinders are of this type. The lack of symmetry in the general target will, however, necessitate that the mode also contain a "small" amount of compressional waves and a "small" component of normal displacement caused by the oblique incidence of the transverse waves at the surface. For reasons outlined in Sec. III B, this type of mode will always be a poor radiator of energy and will give rise to a very narrow acoustic resonance in the scattered field, and hence is not of great practical significance.
B. Nonradiating modes
It is possible that the elastic body can possess modes of free vibration for which the normal displ.acement on S is 
D. Relation with acoustic impedances
In the study of acoustic scattering from elastic targets for which the equations admit separable solutions, e.g., the sphere, it is well known that the complex resonance frequency occurs when the modal specific acoustic impedances of the fluid and solid are identical. It will now be shown that the same general principle applies here also, and the frequency obtained by matching impedances is precisely the frequency of Eq. (35) to the same order in 6. 
The principle of matching impedances says that the complex resonance frequency associated with mode m is that value of k for which the impedances are identical:
z•s•(k) = Z•'•(k). (55) Note that Zs(k,%) is imaginary for real k and Oo and so Z •s '" (k) is imaginary. The complex character of the resonance frequency is due to the fact that, for real k and Zr (k,vo) is complex valued rather than purely imaginary.
The condition (55) may be expressed, using (52) and the definitions of the acoustic impedanees, as (n.tr(w)n,n-W,.) = eikc2a,. (k), 
•n then the amplitude A follows from (50) and (62) as
A =pv•(k)/(Z• •
which can easily be shown to be asymptotically equivalent to Ao of (27).
IV. EXAMPLE: A SPHERICAL TARGET

A. General theory
The formalism of Sec. lI is easily applied to the case of an isotropic spherical target subject to plane-wave incidence. 
and so the rigid scattered field is j; (k)
½o = --e. •h(l)(kr)P.(cosO). (68)
The modes of free vibration of an elastic sphere may be split into families such that, for each n = 0,1,2 
The quantity •5. should not be confused with the Kronecker delta; it will only be used in this section and always with the subscripts nl. Equations ( 
while ( 
In the same manner, it follows that
Gn.W,, t (2n + l•'/2fi h(.')(kr) =lx•'• j ,a •,')'(k-•-'• P.(cos0). (77)
Combining all of these results and using (29) 
and so a,a(k,•) is almost purely imaginary, and (84) 
which may be shown analytically for n = 0, and we have verified (88) numerically for the remaining 22 roots of Table   I with n>l.
C. Numerical results
Since the exact solution for the elastic sphere can be obtained as a sum of partial waves, 16 this canonical problem is used here as a check on the asymptotic theory. Any physical quantity associated with the scattered field depends upon the singularities in k space associated with the perturbed complex resonance frequencies of Eq. (35). The acid test of the asymptotic approximation is therefore whether or not it accurately predicts the locations of these poles in the complex k plane. The computations summarized in Table I  are The test case of the sphere illustrates the accuracy of the asymptotic method; however, the full potential of this technique lies in its application to nonsymmetric 3-D targets for which "exact" numerical methods would be prohibitively time consuming and costly. One possible use for which the technique is well suited would be in determining the scattering from a target of a given shape, of which the interior is a highly complex body. One might also want to slightly modify the interior and see the result of such alterations on the response. The conventional approach to tackling such a project is to solve the fully coupled fluid-elastic scattering problem each time using one of various alternative numerical schemes. With the present method, one need only compute the exterior Green's operator G once, since the target shape is fixed. In practice, this could be achieved by discretizing the surface S and computing a matrix Green's function that gives the pressure at every point for a force at any single point, subject to the condition that the normal velocity is zero everywhere on S. Then, for each realization of the interior, the modes of free vibration could be found using existing fast and efficient codes. The modes and the exterior Green's function are then combined to compute the surface integrals of (26), after which the uniform expansion of (34) can be quickly determined.
The key step in applying the asymptotic method is in calculating the terms fi,, and a,• of (26). The magnitude of a,• is closely.related to the magnitude of the normal surface Table I ). displacement and will be small if this displacement is small. Table I ). The strong (n, 1 ) Rayleigh resonances remain, but some of the other resonances of lesser significance, such as (1,2) and (2,2), have disappeared from the approximate solution. Despite this, the overall appearance of the asymptotic result in Fig. 3 is very good considering that it uses only half of the modes in that frequency range. In general, the narrow modes will not be significant since internal dissipation tends to wipe them out, leaving only the broader resonances. s
In conclusion, the numerical results show quite convincingly that the present asymptotic method is suitable for targets such as tungsten carbide in water, with e = 0.07. Future work will examine the applicability of the theory to targets for which e is not quite so small. 
